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We theoretically study the intrinsic thermal Hall and spin Nernst effect in collinear ferrimagnets on a honey-
comb lattice with broken inversion symmetry. The broken inversion symmetry allows in-plane Dzyaloshinskii-
Moriya interaction between the nearest neighbors, which does not affect the magnon spectrum in the linear spin
wave theory. However, the Dzyaloshinskii-Moriya interaction can induce large Berry curvature in the magnetoe-
lastic excitation spectrum through the magnon-phonon interaction to produce thermal Hall current. Furthermore,
we find that the magnetoelastic excitations transport spin, which is inherited from the magnon bands. Therefore,
the thermal Hall current is accompanied by spin Nernst current. Because the magnon-phonon interaction does
not conserve the spin, we also study the spin density induced by thermal gradient in the presence of magnon-
phonon interaction. We find that the intrinsic part of the spin density shows no asymmetric spin accumulation
near the boundary of the system having a stripe geometry. However, because of the magnon-phonon interaction,
we find nonzero total spin density in the system having armchair edges. The extrinsic part of the spin density,
on the other hand, shows asymmetric spin accumulation near the boundary for both armchair and zigzag edges
because of the magnon-phonon interaction. In addition, we find nonzero total spin density in the system having
zigzag edge.
PACS numbers:
Recently, there is a growing interest in the theoretical and
experimental studies of the thermal Hall conductivity of in-
sulators arising from charge neutral quasiparticles such as
magnons [1–5] and phonons [6–13]. It was found that the
intrinsic thermal Hall conductivity of bosonic excitations is
a manifestation of the Berry curvature of their wave func-
tion [3, 10, 11]. This led to the proposal of topological bosonic
band structure with nonzero Chern number that shows thermal
Hall effect [10, 14, 15]. Moreover, when the bosonic excita-
tion carries spin quantum number, analogues of quantum spin
Hall insulators were proposed [16–18] that show spin Nernst
effect [19–23].
In these theoretical studies, it was assumed that the low en-
ergy excitations are either magnons or phonons. However, it
was realized that large Berry curvature can be induced in the
anticrossing regions between the magnon and phonon bands
through the magnon-phonon interaction (MPI) [24]. Using
this idea, it was shown that in a non-collinear antiferromagnet,
magnon and phonon bands with zero Chern numbers can hy-
bridize through the MPI originating from magnetostriction to
form magnetoelastic bands with nonzero Chern numbers, thus
enhancing the thermal Hall conductivity [25]. Similar ideas
were also put forward in Refs. [26, 27] in the case of ferromag-
netic insulators, where the authors proposed that the thermal
Hall conductivity can be produced solely by the MPI originat-
ing from magnetic anisotropy [26] or Dzyaloshinskii-Moriya
(DM) interaction [27]. However, the study of spin dependent
response from magnetoelastic excitations is still missing.
In this work, we propose that not only the intrinsic ther-
mal Hall current, but also the intrinsic spin Nernst current
can be produced entirely by the MPI in a collinear ferrimag-
net with honeycomb lattice, in which the inversion symmetry
between the nearest neighbors is broken. As is well known
[19, 20, 28], collinear antiferromagnet on a honeycomb lat-
tice with easy axis anisotropy supports two magnon bands
carrying opposite spin quantum numbers. The same is also
true for ferrimagnets, so that we can split the energies of two
magnon bands by applying an external magnetic field, which
also allows us to control the band crossing regions between
the acoustic phonon bands and the spin up or down magnon
band. By considering the MPI arising from in-plane DM in-
teraction between the nearest neighbors [27], we find that the
gaps between the magnon and phonon bands open to pro-
duce anticrossing regions with large Berry curvature. Be-
cause the magnon and phonon bands show no thermal Hall
response without MPI, the thermal Hall conductivity in our
model arises solely from the MPI. Furthermore, because the
magnon bands carry spin, the thermal Hall current carried by
magnetoelastic excitations is spin polarized, and therefore, it
is accompanied by spin Nernst current. Because the magnon
bands show no spin Nernst response without MPI, the spin
Nernst current also arises purely from MPI.
Because the MPI violates the spin conservation, we reex-
amine the derivation of the spin Nernst coefficient using Lut-
tinger’s method of gravitational potential [4, 5, 20, 29] and
compare the result with spin density induced by thermal gra-
dient. We find that the intrinsic contribution to the spin den-
sity shows no asymmetric boundary spin accumulation for the
system having stripe geometry. However, the extrinsic con-
tribution to the spin density, which relies on finite quasipar-
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FIG. 1: (a) Magnetic order on a honeycomb lattice with broken in-
version symmetry between A and B sites, which are surrounded re-
spectively by octahedral and tetrahedral cages of oxygen atoms. The
up spins point out of the plane, and the down spins point into the
plane. (b) Simplified lattice model where we indicate the directions
of the in-plane DM vectorsDij , where i is fixed to be one of the A
sites and j is one of the three nearest B sites. (c) The Brillouin zone
and the high symmetry momenta.
ticle lifetime, reflects the spin Nernst current through asym-
metric spin accumulation [30]. Moreover, nonzero total spin
expectation value is induced by the intrinsic (extrinsic) mech-
anism in the system having armchair (zigzag) edges, but not
for zigzag (armchair) edges. Finally, we discuss the relevance
of our model to the thermal Hall conductivity measured in
Fe2Mo3O8 [31].
Model.— Our model is motivated by Fe2Mo3O8, which
consists of Fe-O layers separated by sheets of Mo4+ [32, 33].
The Fe2+ ions in the Fe-O layer form a honeycomb-like lat-
tice as in Fig. 1 (a), where the Fe2+ ions at A and B sites are
displaced vertically with respect to each other. Because the
A (B) sites are surrounded by octahedral (tetrahedral) cage
of oxygen atoms, the inversion symmetry between the near-
est neighbors is broken. However, the mirror symmetry Mx:
(x, y)→ (−x, y) about the center of a hexagon is retained.
For our model, we simplify the lattice as shown in Fig. 1
(b), where we keep only the magnetic ions forming a two-
dimensional honeycomb lattice. We consider the spin Hamil-
tonian given by
Hm =HJ1 +HJ2 +HD +Hα +HH . (1)
Here, HJ1 = J1
∑
〈ij〉 Si · Sj with J1 > 0 is the anti-
ferromagnetic nearest-neighbor Heisenberg interaction, and
HJ2 = J
A
2
∑
〈〈ij〉〉A Si · Sj + JB2
∑
〈〈ij〉〉B Si · Sj is the fer-
romagnetic next-nearest-neighbor Heisenberg interaction be-
tween the A sites (JA2 < 0) and B sites (J
B
2 < 0). To reflect
the broken inversion symmetry that relates A and B sites, we
put JA2 6= JB2 and include the nearest-neighbor DM interac-
tionHD =
∑
〈ij〉Dij · [Si ×Sj ], where the direction ofDij
is indicated in Fig. 1. We note, however, that the DM interac-
tion does not contribute to the magnon spectrum because the
magnetic ordering direction, normal to the honeycomb plane,
is perpendicular to the DM vector. Finally,Hα =
∑
i αi(S
z
i )
2
with αi < 0 is the easy-axis anisotropy (αA 6= αB) and
HH =
∑
i µiSi · H is the Zeeman coupling to the exter-
nal magnetic field applied parallel to the magnetic ordering
direction (µA 6= µB).
The magnon Hamiltonian is obtained by writing Si =
xˆiS
x
i + yˆiS
y
i + zˆiS
z
i where xˆi, yˆi, and zˆi are local orthogo-
nal coordinates, and introducing the Holstein-Primakoff oper-
ators ai and a
†
i as detailed in the Supplemental Material (SM)
[34]. The magnon spectrum with H = 0 is shown in Fig. 2
(a). We find that the upper (lower) magnon band carries spin
−1(+1) by using the definition of the magnon spin operator
Sz =
∑
i sgn(i)a
†
iai, where sgn(i) = −1(+1) when i is
one of the A (B) sites. Note that although the DM interaction
breaks the SO(2) symmetry about the z axis, it does not ap-
pear in the linear spin wave theory, and the magnon spin is
conserved in this limit.
For the phonon Hamiltonian, we consider a simple har-
monic oscillator model of the form
Hp =
1
2
∑
ij
[
p˜2i δij + u˜iKij(Ri −Rj)u˜j
]
, (2)
where Ri is the position of the atom at site i and Kij(Ri −
Rj) are the spring constant matrices between the atoms at
sites i and j. Note that we have absorbed the atomic mass Mi
by defining the rescaled displacement and momentum opera-
tors u˜i =
√
Miui and p˜i = pi√Mi , where ui and pi are the
displacement and momentum operators. Let KL and KT be
the nearest-neighbor longitudinal and transverse spring con-
stants, respectively, and let kAL and k
A
T (k
B
L and k
B
T ) be the
next-nearest-neighbor longitudinal and transverse spring con-
stants between AA (BB) sites. These can be organized into
spring constant matrices as discussed in the SM [34]. The
resulting phonon spectrum is shown in Fig. 2 (a).
Finally, we consider the MPI arising from the fluctuation
of Dijwhen the atoms deviate from their equilibrium posi-
tions [27, 35, 36] by Taylor expandingDij in terms of
ui−uj
l ,
where l is the distance between nearest neighbors (the full ex-
pression of MPI is given in the SM). Note that because MPI
mixes magnon and phonon,Sz is not conserved. We show the
magnetoelastic excitation spectrum with MPI in Fig. 2 (b),
where we also turn on the out-of-plane magnetic field. The
energy bands with up and down spins respond oppositely to
the magnetic field, so that with our choice of parameters (see
Fig. 2), the energy of the spin up and down bands are lowered
and raised, respectively. This produces two overlapping re-
gions near the Γ point between the magnon and phonon bands,
which hybridize because of the DM interaction. This is clari-
fied in Fig. 2 (c), where the two anticrossing regions between
energy bands 4 and 5 near the Γ point are indicated with dot-
ted circles. It is important to note that these two anticrossing
regions correspond to the Berry curvature hotspots encircling
the Γ point in Fig. 2 (d), which are crucial for the thermal Hall
and spin Nernst effect.
Thermal Hall conductivity.— The thermal Hall conductiv-
ity κxy is defined by the expression jQx = −κxy∇yT , where
jQ is the heat current and T is the temperature. The semiclas-
sical and linear response theories both yield [5, 25, 37] κxy =
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FIG. 2: (a) Magnon and phonon spectra along the high symmetry
lines with no MPI (D = 0) and no magnetic field (H = 0). The up-
per (lower) magnon band carries −1 (+1) spin. The parameters for
the magnon Hamiltonian are S = 2, J1 = 2 meV, JA2 = −0.3 meV,
JB2 = −0.1 meV, αA = −0.02 meV, and αB = −0.01 meV, and
the parameters for the phonon Hamiltonian are KL = 120 (meV)2,
KT = 25 (meV)2, kAL = 30 (meV)
2, kAT = 10 (meV)
2, kBL = 15
(meV)2, kBT = 5 (meV)
2. (b) Magnetoelastic excitation spectrum
with MPI and magnetic field. The parameters relevant for the MPI
are |Dij | = 0.94 meV, l = 5 A˚, and MA = MB = 60 amu, and
the Zeeman interactions are µAH = −1.4 meV and µBH = −1.2
meV. The highest to lowest energy bands are labeled from 1 to 6.
The line color indicates the magnon and phonon content of the mag-
netoelastic modes. (c) Close-up view of the two anticrossing regions
(α, β) near the Γ point, with a tiny gap at each crossing point. (d)
Berry curvature density for energy bands 4 and 5. The boundary of
the first Brillouin zone is indicated with dotted line.
−k2BTV ~
∑
k
∑N
n=1
[
c2(g(En,k))− pi23
]
Ωn,k, where the sum-
mation is over only the particle bands, Ωn,k is the Berry cur-
vature, c2(x) = (1 + x)(ln 1+xx )
2 − (lnx)2 − 2Li2(−x), and
Li2 is the polylogarithm function Lin for n = 2.
Without MPI, the individual magnon and phonon bands sat-
isfy theMxCS2x symmetry, which forces κxy = 0 [34]. Here,
Mx is the mirror symmetry about the plane normal to the x
axis, which acts on both spin and position degrees of free-
dom. CS2x acts only on the spin degrees of freedom, and it
rotates all of the spin about the x axis by pi without changing
their position.
Because DM interaction requires spin-orbit coupling, MPI
breaks the MxCS2x symmetry, which decouples spin and or-
bital degrees of freedom. We therefore obtain nonzero κxy as
shown in Fig. 3 (a). Because the lowest three magnetoelas-
tic bands in our model do not carry Chern numbers [34], the
sign change in κxy around 15K cannot be explained by sign
alternation of Chern numbers [38, 39] between the magnetoe-
lastic bands. Instead, we notice that the two Berry curvature
hotspots α, β near the Γ point have opposite signs. Therefore,
(a) (b)
FIG. 3: (a) Thermal Hall conductivity and (b) spin Nernst coefficient
arising from MPI computed with the parameters used in Fig. 2 (b).
at low temperature, the smaller region (α) with energy ap-
proximately 1 meV and negative Berry curvature is the main
contributor, so that κxy < 0 (note that kB × 10K ≈ 0.86
meV). On the other hand, the larger region (β) with positive
Berry curvature is located around 5 meV, and therefore starts
to contribute significantly at higher temperature to flips the
sign of κxy .
Spin Nernst effect.— The spin Nernst coefficient αSxy
is defined from the expression for the spin current den-
sity jSx = −αSxy∇yT . When the spin is conserved,
the semiclassical [19] and the linear response theory both
yield αSxy = − kB~V
∑
k
∑N
n=1〈Sz〉n,kΩn,kc1(En,k/kBT ),
where 〈Sz〉n,k is the expectation value of Sz , c1(x) =∫∞
x
dx′x′
(
−dρ(x′)dx′
)
= (1 + ρ(x)) log(1 + ρ(x)) −
ρ(x) log ρ(x), and ρ(x) = 1ex−1 .
Similar to the case of κxy , nonzero αSxy requires MPI to
break theMxCS2x symmetry [34]. We plot α
S
xy calculated us-
ing the semiclassical theory in Fig. 3 (b) (blue curve). As can
be seen, the behavior of the αSxy closely follows κxy . This is
because the low-energy magnetoelastic excitations with large
Berry curvature are mixtures of phonon and magnon with
spin +1, so that thermal Hall current is accompanied by spin
Nernst current. However, in contrast to κxy , αSxy does not
change sign near T = 15K because of the subtle distribution
of 〈Sz〉n,kΩn,k, which is analyzed in the SM [34].
Because it is not clear what approximations are made
in the semiclassical approach, we also derive αSxy using
the linear response theory [4, 5, 20, 29, 40]. Writing the
magnetoelastic Hamiltonian in bosonic BdG form [25, 34],
H0 =
1
2
∑
k Ψ
†
kHkΨk, the energy eigenstates of Hk sat-
isfy τzHk|n,k〉 = Ek,n|n,k〉 and 〈m,k|τz|n,k〉 = (τz)mn.
Here, Ψk contains the magnon and phonon fields and τz is the
diagonal matrix with (τz)nn = 1 (−1) in the particle (hole)
space of the BdG Hamiltonian. When the MPI is small, we
find [34] (omitting the k dependence for notational simplic-
ity)
αSµν ≈
kB~
2V
∑
k,m 6=n
i〈n|wµ + uµ|m〉〈m|vν |n〉(τz)mm(τz)nn
((τzE)mm − (τzE)nn)2
×
[
c1
(
Emm
kBT
)
− c1
(
Enn
kBT
)]
, (3)
4where v = 1~
∂H
∂k , w = S
zτzv, and u = vτzSz .
We show αSxy calculated using this approximation in Fig. 3
(b) (red curve). We find that the behavior does not differ sig-
nificantly from spin Nernst coefficient calculated using the
semiclassical theory (blue curve).
Spin density.— Because spin is not conserved by MPI and
edge spin accumulation is the experimentally measurable con-
sequence of the spin current [43], we study the spatial distri-
bution of spin density as in electronic systems [34, 41–44].
The spin density [50] induced by the thermal gradient at po-
sition r is given by 〈δSz(r)〉 = 〈Sz(r)〉neq − 〈Sz(r)〉eq =
−ζν(r)∇νT . Let us divide ζν(r) = ζ inν (r)+ζextν (r) and study
the two parts separately. Here, the intrinsic part ζ inν (r) is in-
dependent of quasiparticle lifetime, while the extrinsic part
ζextν (r) is approximately proportional to the quasiparticle life-
time.
Let us first examine ζ inν (r) using the Kubo’s formula [34].
We find that when the system has zigzag edge, spin density
uniformly vanishes whether or not there is MPI. Similarly,
for the armchair edge, we find a symmetric distribution of
spin, regardless of the presence of MPI. On the other hand,∑
x ζ
in
y (x)|D 6=0 6= 0 for the armchair edge when there is MPI
while
∑
x ζ
in
y (x)|D=0 = 0 when there is no MPI. Thus, al-
though MPI does not induce asymmetric edge spin accumula-
tion through the intrinsic mechanism, it can change the total
spin density of the system under thermal gradient. In Fig. 4
(a), we show the spin density caused by MPI for the armchair
edge, i.e. ζ iny (x)|D 6=0 − ζ iny (x)|D=0.
To observe the spin accumulation induced by spin Nernst
current, we need to consider the finite quasiparticle lifetime
[30]. We study this extrinsic effect using the Boltzmann trans-
port theory within the constant relaxation time approximation
[34]. For both the armchair and zigzag edges, we find that
without MPI, ζextν (r)|D=0 = 0. However, in the presence of
MPI, we find asymmetric distribution of ζextν (r)|D 6=0 for both
the armchair and zigzag edges. In particular, the distribution is
antisymmetric for the armchair edge, as shown in Fig. 4 (b), so
that
∑
x ζ
ext
y (x)|D 6=0 = 0. This is not so for the zigzag edge,
and
∑
y ζ
ext
x (y)|D 6=0 6= 0, so that nonzero total spin density is
induced [34].
In the above, we showed that thermal gradient can induce
not only the edge spin accumulation, but also a nonzero to-
tal spin density in the system. For a single layer of ferri-
magnet, this will be difficult to detect because not only the
temperature gradient but also the change of average temper-
ature can modify the net magnetization. However, if our
model is stacked antiferromagnetically along the z direction
such that the neighboring layers are related by a glide mirror
Gy : (x, y, z)→ (x,−y, z+ 12 ) as in Fe2Mo3O8, the spin den-
sity induced by thermal gradient in two adjacent layers has the
same (opposite) sign for the armchair (zigzag) edge, while the
bulk magnetization is always zero. Therefore, the net magne-
tization for the armchair edge configuration arises just from
the thermal gradient, while for the zigzag edge, the net mag-
netization vanish.
Temperature gradient can induce nonzero total spin density
Position:1,			2,																													N
-.
(a)
(b)
FIG. 4: (a) ζ iny (x)|D=0.94− ζ iny (x)|D=0 calculated for T = 10, 30 K
and with armchair edge as shown on the right. (b) ζexty (x)|D=0.94
calculated for T = 10, 30 K and with armchair edge (note that
ζexty (x)|D=0 = 0). Here, τ is the lifetime of magnetoelastic exci-
tations.
whenever the spin is not conserved and the system has suf-
ficiently low symmetry, such as broken inversion symmetry.
The spatial distribution and the total sum of spin also depend
strongly on the direction of thermal gradient. These behav-
iors in our model can be explained using symmetry arguments,
which is given in the SM.
Material realization.— We suggest that the thermal Hall
current arising from MPI may be relevant to Fe2Mo3O8.
In Ref. [31], giant thermal Hall conductivity of the order
10−2 Wm−1K−1 was observed in Fe2Mo3O8, which was
attributed to skew-scattering of phonon. According to the
phonon scattering mechanism, κxx ∝ κxy ∝ τl, where τl is
the phonon lifetime. However, the data in Ref. [31] suggests
that this relation does not hold at large magnetic field and high
temperature. We suggest that this may be due to the intrinsic
contribution to the thermal Hall conductivity originating from
the MPI. Although the parameters for magnon and phonon
are not available to us except for the magnetic moment [46],
from Fig. 3 and the interlayer distance of Fe2Mo3O8, we can
estimate the order of magnitude of the thermal Hall conduc-
tivity arising from the band crossing between one magnon
and one phonon bands to be around 0.3 × 10−3Wm−1K−1
when D = 0.94 meV. Therefore, depending on the material
parameters, the MPI can potentially generate a thermal Hall
response of order 10−3Wm−1K−1 to throw off the relation
κxx ∝ κxy ∝ τl.
Discussion.— In this work, we examined the heat and
spin responses arising from MPI in a noncentrosymmetric
collinear ferrimagnet with anisotropy. The unique feature of
ferrimagnets is that either of the spin±1 magnon band always
decreases in energy to hybridize with phonon band when mag-
netic field is applied parallel to the magnetic order, which is
important for thermal Hall and spin Nernst effect. This is dis-
tinct from ferromagnets, in which all of the magnon bands
increase or decrease in energy. Moreover, the intrinsic spin
Nernst current originating from MPI induces edge spin accu-
mulation through the extrinsic contribution to the spin density.
5This can serve as an indicator of MPI contribution to the ther-
mal Hall conductivity, since magnon does not, by itself, show
thermal Hall or spin Nernst effect. However, since MPI does
not conserve the spin, revealing the correspondence between
the spin accumulation and the spin current is quite a subtle is-
sue [45], which we leave for future study. Finally, we showed
that nonzero total spin density induced by thermal gradient
can serve as an additional evidence of MPI.
Note added— During the preparation of our manuscript, a
related work appeared in which the thermal Hall effect in an-
tiferromagnetic insulators is discussed [47]. Although their
work also mentions the spin Nernst effect, it is more focused
on the SU(3) topology of magnetoelastic excitations and the
ensuing thermal Hall conductivity. We focus more on the cor-
respondence between the spin Nernst current and the spin den-
sity.
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SM A: Magnon
In this section, we study the magnon Hamiltonian given in
Eq. (1) of the main text. To carry out the spin wave expansion,
we introduce the local axes
xˆA = (1, 0, 0), yˆA = (0, 1, 0), zˆA = (0, 0, 1)
xˆB = (1, 0, 0), yˆB = (0,−1, 0), zˆB = (0, 0,−1), (A1)
so that Si = Sxi xˆi +S
y
i yˆi +S
y
i zˆi where i = A,B. To obtain
the linear spin wave theory, it suffices to put
Sxi =
√
2S
2
(ai + a
†
i ), S
y
i =
√
2S
2i
(ai− a†i ), Szi = S− a†iai.
(A2)
We note any orthonormal system of local axes is valid so long
as zˆi points along the magnetic order.
To the quadratic order in the Holstein-Primakoff (HP) op-
erators, the nearest-neighbor interaction is (J1 > 0)
HJ1 =
∑
〈ij〉
J1Si · Sj
= −3J1N(S2 + S) + 1
2
∑
k
φ†kHJ1(k)φk, (A3)
where
HJ1(k) = J1S

3 0 0 γ∗k
0 3 γk 0
0 γ∗k 3 0
γk 0 0 3
 (A4)
and
φk =

aAk
aBk
a†A−k
a†B−k
 . (A5)
We have defined the function γk =
∑
δi
eik·δ , where δ1 =
(0, 1)l, δ2 = (−
√
3
2 ,− 12 )l and δ3 = (
√
3
2 ,− 12 )l are the rel-
ative positions of the nearest neighbors, and l is the distance
between A and B.
Similarly, the next-nearest-neighbor Heisenberg interaction
is (JA, JB < 0)
HJ2 = J
A
2
∑
〈〈ij〉〉A
Si · Sj + JB2
∑
〈〈ij〉〉B
Si · Sj
= 3(JA2 + J
B
2 )N(S
2 + S) +
1
2
∑
k
φ†kHJ2(k)φk,
(A6)
where
HJ2(k) = S(−6 + γ˜k)

JA2 0 0 0
0 JB2 0 0
0 0 JA2 0
0 0 0 JB2
 . (A7)
Here, we defined γ˜k =
∑
δ˜ e
ik·δ˜ , where δ˜ are the relative
positions of the six next-nearest neighbors.
Let us note that the easy axis anisotropy must be along the
z direction because of the three-fold rotations about A and B
sites. We have (αA, αB < 0)
Hα =
∑
i
αi(S
z
i )
2
= (αA + αB)N(S
2 + S) +
1
2
∑
k
φ†kHα(k)φk, (A8)
where
Hα(k) = −2S

αA 0 0 0
0 αB 0 0
0 0 αA 0
0 0 0 αB
 . (A9)
Applying the magnetic fieldH = Hzˆ, we have
HH =
∑
i
µiSi ·H
= H(µA − µB)N(S + 1
2
) +
1
2
∑
k
φ†kHH(k)φk,
(A10)
where
HH(k) = H

−µA 0 0 0
0 µB 0 0
0 0 −µA 0
0 0 0 µB
 . (A11)
2Let us briefly discuss the MxC2x symmetry mentioned in
the main text. In the spin sector, both Mx and C2x rotates
the spin direction about the x axis by 180◦, so that when
combined, it does not change the spin direction. However,
Mx sends the spin at (x, y) to (−x, y). Thus, the action of
the MxC2x symmetry on the HP operators is ai,(kx,ky) →
ai,(−kx,ky) for i = A,B. It is easy to see that the magnon
Hamiltonian satisfies this symmetry from the expressions
above.
SM B: Phonon
In this section, we list the spring constant matrices. Us-
ing the expression for the spring constant matrix between the
nearest neighbor A and B,
K(δ1) =
[−KT 0
0 −KL
]
, (B1)
and imposing the C3z symmetry, we have K(δ2) =
C3zK(δ1)C
T
3z and K(δ3) = C
T
3zK(δ1)C3z , where
C3z =
[
− 12 −
√
3
2√
3
2 − 12
]
. (B2)
For the next-nearest neighbors between the A sites, we have
K(δ3 − δ2) =
[−kAL 0
0 −kAT
]
, (B3)
K(δ1 − δ3) = C3zK(δ3 − δ2)CT3z and K(δ2 − δ1) =
CT3zK(δ3 − δ2)C3z , while the other spring constants follow
from the identity K(∆R) = K(−∆R). The spring constant
matrices between the B sites is obtained by making the re-
placement kAL , k
A
T → kBL , kBT . Finally, the onsite potentials
follow from the condition that there is no change in Hamilto-
nian from uniform shift of the lattice. The contributions from
nearest-neighbor interactions to the A and B sites are respec-
tively given by
Knn(0) =
1
2
[
3
2 (KT +KL) 0
0 32 (KT +KL)
]
,
K ′nn(0) =
1
2
[
3
2 (KT +KL) 0
0 32 (KT +KL)
]
. (B4)
For the next-nearest neighbors, we have
Knnn(0) =
[
3
2 (k
A
L + k
A
T ) 0
0 32 (k
A
L + k
A
T )
]
,
K ′nnn(0) =
[
3
2 (k
B
L + k
B
T ) 0
0 32 (k
B
L + k
B
T )
]
. (B5)
SM C: Magnon-Phonon Interaction
As explained in the main text, we consider the magnon-
phonon interaction arising from the fluctuation of DM vector
direction when the atoms fluctuate from their equilibrium po-
sition. To do this, note that when the atoms are at their equi-
librium positions, we can write the DM vector as (see Fig. 1
(b) in the main text)Dij = Drˆij×zˆ, where ri = Ri+ui and
rˆij =
ri−rj
|ri−rj | . Assuming for simplicity that D is independent
of ui and that MA = MB = M , the part of Dij that is lin-
ear in uij = ui − uj is
[
−Rˆij
(
Rˆij · u˜ij√M
)
+
u˜ij√
M
]
× zˆDl ,
where l is the distance between the nearest neighboring atoms,
Rij = Ri−Rj , and u˜ij = u˜i− u˜j . Similarly, the terms lin-
ear in the Holstein-Primakoff operators inSi×Sj are given by
S[Sxi xˆi× zˆj+Syi yˆi× zˆj+Sxj zˆi×xˆj+Syj zˆi×yˆj ], where xˆi,
yˆi, zˆi are the local axes introduced in Eq. (A1). The MPI at
the quadratic level is obtained by multiplying these two terms.
Introducing the HP operators as in Eq. (A2) and taking the
Fourier transformation, the magnon-phonon interaction is
λ
∑
δi
{[
uxAk(aA−k + a
†
Ak + aB−ke
ik·δi + a†Bke
ik·δi)
− uxBk(aB−k + a†Bk + aA−ke−ik·δi + a†Ake−ik·δi)
− iuyAk(aA−k − a†Ak − aB−keik·δi + a†Bkeik·δi)
− iuyBk(aB−k − a†Bk − aA−ke−ik·δi + a†Ake−ik·δi)
]
− (δi · xˆ)uδiAk(aA−k + a†Ak + aB−keik·δi + a†Bkeik·δi)
+ (δi · xˆ)uδiBk(aB−k + a†Bk + aA−ke−ik·δi + a†Ake−ik·δi)
+ i(δi · yˆ)uδiAk(aA−k − a†Ak − aB−keik·δi + a†Bkeik·δi)
+ i(δi · yˆ)uδiBk(aB−k − a†Bk − aA−ke−ik·δi + a†Ake−ik·δi)
}
,
(C1)
where we have defined uδiA/B ≡ u˜A/B · δi and λ = DS2l
√
2S
M
SM D: BdG Hamiltonian and Berry curvature
In this work, we have computed all of the response func-
tions by transforming the magnetoelastic Hamiltonian into
bosonic BdG form as explained below. Another popular
method is to write the Hamiltonian in terms of the phonon
operators so that the phonon sector of the Hamiltonian is di-
agonalized from the outset. However, this may not result in
the correct response functions such as the thermal Hall con-
ductivity, as pointed out in Ref. [25].
To make the connection between the magnetoelastic Hamil-
tonian and the bosonic BdG Hamiltonian, let us first clar-
ify the relation between the phonon Hamiltonian and bosonic
BdG Hamiltonian. Below, we work in the system of units
where ~ = 1 and energy is measured in meV. If we define
vA/Bk =
√
2
2
(p˜A/Bk − iu˜A/Bk) (D1)
and
yk = (vAk,vBk,v
†
A−k,v
†
B−k), (D2)
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FIG. S1: (a) and (b): The Berry curvature density of magnon bands, whose energy spectrums are shown on the right (top) which are labelled
accordingly. (c)∼(f): Berry curvature density of phonon bands, whose energy spectrum is shown on the right (middle). (g)∼(l): Berry
curvature density of magnetoelastic bands, whose energy spectrum is shown on the right (bottom). The parameters used in the Hamiltonian
are the same as in Fig. (2) (d). Note that the Berry curvature density may go well outside the range of the colorbar.
we have
[ymk, y
†
nk′ ] = (ρz)mnδk,k′ , y
†
k = ρxy−k (D3)
where m and n runs over all the components of yk, and ρi are
the Pauli matrices relating the particle and hole sectors of the
field operator yk. Note that Eq. (D3) is the defining relation
of a bosonic BdG field operator.
We note that in this system of unit where energy is mea-
sured in meV and ~ = 1, the strength of magnon-phonon in-
teraction is given by Dl
√
f~
Mi
where f ≈ 0.658× 10−12. The
quantity f is numerically equivalent to 103 × ~/e evaluated
in SI units. For l = 5A˚, Mi = 60 amu, and D = 0.94 meV,
D
l
√
f~
Mi
≈ 0.050 meV/s1/2.
Next, let us review the basic properties of BdG Hamilto-
nian. Let H = 12
∑
k Ψ
†
kHkΨk be the bosonic BdG Hamil-
tonian where Ψk satisfy
[Ψmk,Ψ
†
nk′ ] = (τz)mnδk,k′ , Ψ
†
k = ρxΨ−k, (D4)
where m, n = −N, ...,−1, 1, ..., N . The transformation
to the energy eigenbasis is given by Φk = TkΨk, so that
H = 12
∑
k Φ
†
kT
†
kHkTkΦk =
1
2
∑
k Φ
†
kEkΦk, where Ek
is diagonal, and [Φk,m,Φ
†
k′,n] = (τz)mnδk,k′ . This requires
that T †kHkTk = Ek and T
†
kτzTk = τz , where τi are the
Pauli matrices in the particle and hole sectors. For exam-
ple, (τz)mn = δmn for m,n > 0, (τz)mn = −δmn for
m,n < 0, and (τz)mn = 0 otherwise. Denoting by |n,k〉
the column vectors of Tk and noticing that T−1k = τzT
†
kτz ,
these conditions translate to τzHk|n,k〉 = Ek,n|n,k〉 and
〈m,k|τz|n,k〉 = (τz)mn.
The Berry curvature for this Hamiltonian is defined to be
[5] Bk,n = i(τz)nn∇ × 〈n,k|τz∇|n,k〉. In particular, we
denote the z component of the Berry curvature by Ωk,n. In
Fig. S1, we plot the full Berry curvature density for magnon,
phonon, and magnetoelastic bands and the corresponding en-
ergy spectrums. Let us also calculate the Chern numbers,
which is defined as Cn = 12pi
∫
BZ
dkΩk,n. We find that the
individual magnon and phonon bands are topologically trivial.
Specifically, using the labels for the energy bands in Fig. S1,
we have Ca = Cb = 0, Cc + Cd = Ce + Cf = 0. Note that
we have grouped together the bands which are not gapped. We
4find that the magnetoelastic bands are topologically nontrivial.
Specifically, Cg + Ch = −1, Ci = 1, Cj = Ck + Cl = 0.
SM E: Symmetry analysis of thermal Hall and spin Nernst effect
In the main text, we have stated that the MxCS2x symme-
try forces κxy = αSxy = 0. To show this, recall that MxC
S
2x
is the mirror symmetry about the plane normal to the x axis,
which does not change the spin direction. It therefore im-
poses En,(kx,ky) = En,(−kx,ky). Because Berry curvature
transforms like magnetic field in the momentum space, we
also have Ωn,(kx,ky) = −Ωn,(−kx,ky). Using this, the contri-
bution to κxy = −k
2
BT
V ~
∑
k
∑N
n=1
[
c2(g(En,k))− pi23
]
Ωn,k
from (kx, ky) and (−kx, ky) cancel pairwise, so that κxy =
0. In addition, because the MxCS2x symmetry does not
change the spin direction, it imposes 〈Sz〉n,(kx,ky) =
〈Sz〉n,(−kx,ky). Using this, the contribution to αSxy =
− kB~V
∑
k
∑N
n=1〈Sz〉n,kΩn,kc1(En,k/kBT ) from (kx, ky)
and (−kx, ky) cancel pairwise, so that αSxy = 0.
SM F: Absence of Sign Change in Spin Nernst coefficient
In this section, we explain why the spin Nernst coef-
ficient computed using the semiclassical theory αSxy =
− kB~V
∑
k
∑N
n=1〈Sz〉n,kΩn,kc1(En,k/kBT ) does not change
sign as temperature is varied, contrary to the case of thermal
Hall conductivity. To this end, it is useful to examine the
momentum space distribution of ΩSn,k ≡ 1~ 〈Sz〉n,kΩn,k =
1
~ 〈n,k|S|n,k〉Ωn,k, where the explicit expression for Sz is
given in Eq. (G3).
We plot this quantity in Fig. S2 for n = 4 and 5, as they
are relevant for the spin Nernst coefficient at low tempera-
tures. Comparing ΩS4,k and Ω
S
5,k, we see that Ω
S
4,k shows a
circular region where it takes positive values and has smaller
radius. The positive region extends towards the inner regions
of the circle and has lower energy. ΩS5,k, on the other hand,
shows a circular region where it takes negative and has larger
radius. The negative region extends towards the outer regions
of the circle and has higher energy. Because c1(E/kBT ) for
E > 0 is positive and decays quickly to 0 as a function of en-
ergy at low temperature, the positive contribution to αSxy from
the negative ΩS4,k in band 4 around the red circular region is
larger than the negative contribution to αSxy from the positive
ΩS5,k in band 5 around the blue circular region at low temper-
ature, which explains why αSxy > 0 at low temperature (the
temperature scale is set by the energy at which these circu-
lar regions occur, which is about 1 meV). Because the region
outside of the blue circle in band 5 quickly becomes red as the
radius is increased while the corresponding region in band 4
stays white, we should expect αSxy to decrease at larger tem-
perature, which is consistent with the numerical calculation in
Fig. (3) (b) in the main text.
<
>
4
5
6
4
5
6
Band 5
Band 4
FIG. S2: Plot of ΩSn,k for n = 4, 5. The inset shows the energy
bands near the Γ point, where we have indicated the region relevant
to αSxy at low temperature with thick red (blue) line when ΩSn,k > 0
(< 0).
SM G: Spin Nernst Effect
Much of the linear response theory used here was already
developed in Refs. [5, 20], but we repeat them for complete-
ness. Let
Ψk =
[
aAk, aBk, vk, a
†
A−k, a
†
B−k, v
†
−k
]
(G1)
be the bosonic BdG basis, where aA/Bk are the Holstein-
Primakoff operators and vA/Bk are the bosonic BdG fields
for phonons defined in Eq. (D1). Then,
H0 =
1
2
∑
k
Ψ†kHkΨk, S
z =
1
2
∑
k
Ψ†kS
zΨk, (G2)
where H0 is the magnetoelastic Hamiltonian and Sz is the
spin excitation operator, which should not be confused with
Szi , which was defined as the spin operator along the direction
of the magnetic order in Eq. (A2). In matrix form, we have
Sz = ~

−1
1
04
−1
1
04
 , (G3)
where 04 is the 4× 4 zero-matrix. We find
[H0,S
z] =
1
2
∑
k
Ψ†k(HkτzS
z − SzτzHk)Ψk. (G4)
5Explicitly evaluating HkτzSz − SzτzHk, one finds that only
terms that couple magnon and phonon survives. Namely, H0
and Sz commute when the magnon-phonon interaction is ne-
glected.
While the spin Nernst effect in Refs. [19, 20] was analyzed
for the case when spin is conserved, here we extend the theory
to the case when the spin is not conserved.
1. Method of pseudo-gravitational potential
Let us study the spin current for a general BdG Hamilto-
nian in response to thermal gradient. Below, repeated Ro-
man indices implies summation over the BdG field operator
indices taking the values−N,−N−1, ...−1, 1, ..., N−1, N .
Calligraphic letters are reserved for operators containing BdG
fields. Finally, we put ~ = 1 and restore it at the end.
Let
H0 =
1
2
∑
δ
∫
drΨ†m(r)H
δ
mnΨn(r + δ)
=
1
2
∑
δ
∫
drΨ†(r)Hδeip·δΨ(r)
≡ 1
2
∫
drΨ†(r)h0Ψ(r)
≡ 1
2
∫
drh0(r). (G5)
Here, p is the momentum operator. Taking the Fourier trans-
formation of the field operators
Ψ(r) =
1√
V
∑
k
Ψke
ik·r, (G6)
we find that
Hk =
∑
δ
eik·δHδ, (G7)
where Hk was defined in Eq. (G2).
According to Luttinger [29], one can compute the response
to thermal gradient by introducing the gravitational scalar po-
tential χ(r) that couples to the Hamiltonian. Assuming that
the potential is linear in position, i.e. χ(r) = r · ∇χ, this
interaction is given by
V =
1
4
∫
drΨ†(r)(h0r + rh0)Ψ(r) ·∇χ. (G8)
The total Hamiltonian,
H =H0 +V, (G9)
is equivalent up to linear order in χ(r) to
H =
1
2
∑
δ
∫
drΨ˜†m(r)H
δ
mnΨ˜n(r + δ). (G10)
where
Ψ˜n(r) = (1 +
r ·∇χ
2
)Ψn(r) ≡ ξ(r)Ψn(r). (G11)
Because of the relation [29]
〈jSµ 〉 = LSµν
(
T∇ν 1
T
−∇νχ
)
(G12)
we have αSµν = L
S
µν/T .
2. Current operator
Let
Sz(r) =
1
2
Ψ†m(r)S
z
mnΨn(r), (G13)
be the spin excitation operator. Its time evolution is given by
−i∂S(r)
∂t
=[H,S(r)]
=
1
4
∑
δ
∫
dr′
(
[Ψ˜†m(r
′)HδmnΨ˜n(r
′ + δ),Ψ†k(r)]S
z
kl(r)Ψl(r)−Ψ†k(r)Szkl[Ψl(r), Ψ˜†m(r′)HδmnΨ˜n(r′ + δ)]
)
=
1
4
∑
δ
(
(−iτy)mkξ(r)Hδmnξ(r + δ)Ψn(r + δ) + Ψ†m(r − δ)ξ(r − δ)Hδmnξ(r)(τz)nk
)
SzklΨl(r)
− 1
4
∑
δ
Ψ†k(r)S
z
kl
(
(τz)lmξ(r)H
δ
mnξ(r + δ)Ψn(r + δ) + Ψ
†
m(r − δ)ξ(r − δ)Hδmnξ(r)(iτy)ln
)
, (G14)
where we have used
[Ψm(r),Ψ
†
n(r
′)] = (τz)mnδ(r − r′), [Ψ†m(r),Ψ†n(r′)] = −(iτy)mnδ(r − r′), [Ψm(r),Ψn(r′)] = i(τy)mnδ(r − r′).
(G15)
The third line of Eq. (G14) containing τy can be manipulated by using
Ψ†m(r) = (τx)mnΨn(r), τxS
zτx = (S
z)T , τxH
δτx = (H
−δ)T . (G16)
6Note that the first equality follows from definition of BdG field. The second and the third follow from the first equality. The
third line of Eq. (G14) becomes
1
4
∑
δ
Ψ˜†(r + δ)H−δτzSzΨ˜(r)− Ψ˜†(r)SzτzH−δΨ˜(r − δ). (G17)
In total, we obtain
1
2
∑
δ
Ψ†(r − δ)ξ(r − δ)Hδξ(r)τzSzΨ(r)−Ψ†(r)Szτzξ(r)Hδξ(r + δ)Ψ(r + δ). (G18)
Thus,
−i∂S
z(r)
∂t
=
1
2
∑
δ
Ψ˜†(r − δ)HδτzSzΨ˜(r)− Ψ˜†(r)SzτzHδΨ˜(r + δ). (G19)
Now, note that
v = i[H, r] = i
∑
δ
δHδeip·δ. (G20)
Thus,
∂Sz(r)
∂t
=− i
2
∑
δ
(
Ψ˜†(r)SzτzHδΨ˜(r + δ)− Ψ˜†(r − δ)SzτzHδτzSz Ψ˜(r) + Ψ˜†(r − δ)SzτzHδΨ˜(r)
− Ψ˜†(r − δ)HδτzSzΨ˜(r) + Ψ˜†(r)HδτzSzΨ˜(r + δ)− Ψ˜†(r)HδτzSzΨ˜(r + δ)
)
= − i
2
∑
δ
(
∇ · (Ψ˜†(r)SzτzδHδΨ˜(r + δ) + Ψ˜†(r)δHδτzSzΨ˜(r + δ))
+ Ψ˜†(r − δ)SzτzHδΨ˜(r)− Ψ˜†(r − δ)HδτzSzΨ˜(r)
)
= −∇ · Ψ˜†(r)S
zτzv + vτzS
z
2
Ψ˜(r)− i
2
∑
δ
Ψ˜†(r)(SzτzHδeip·δ −Hδeip·δτzSz)Ψ˜(r). (G21)
Therefore, we define the spin current operator as
jS = Ψ˜
†(r)
vτzS
z + Szτzv
2
Ψ˜(r). (G22)
3. Linear response to temperature gradient
To linear order in temperature gradient, we have
jS(r) =
1
2
Ψ†(r)(Szτzv + vτzSz)Ψ(r) +
∇µχ
4
(Szτzvrµ + S
zτzrµv + vrµτzS
z + rµvτzS
z)
= j
(0)
S + j
(1)
S , (G23)
respectively. Define JS ≡
∫
drjS(r). To linear order in temperature gradient,
〈JS〉 = 〈J (0)S 〉neq + 〈J (1)S 〉eq. (G24)
Notice that J (0)S should be averaged over the non-equilibrium distribution, while J
(1)
S , which is already linear in the temperature
gradient, should be averaged over the equilibrium distribution.
From now on, we drop the subscript S on the spin current.
74. Evaluation of Kubo formula
The Kubo formula is
〈J (0)µ 〉neq = − lim
ω→0
∂
∂ω
∫ β
0
dτeiωτ 〈TτJ (0)µ (τ)JQν (0)〉∇νχ ≡ −Sµν∇νχ, (G25)
where ω = 2pin/β and n is an integer. Here, JQµ satisfies
∂V
∂t = J
Q ·∇χ. Since
∂V
∂t
= i[H0,V]
=
i
4
∇χ ·
∑
δ,δ′
∫
drΨ†(r + δ′)H−δ
′
(−τz)(2r + δ′)HδΨ(r + δ) + Ψ†(r)HδτzHδ′(2r + δ + δ′)Ψ(r + δ + δ′)
=
i
4
∇ · χ
∑
δ,δ′
∫
drΨ†(r)Hδτz(2r + 2δ + δ′)Hδ
′
Ψ(r + δ + δ′)−Ψ†(r)Hδτz(2r + δ)Hδ′Ψ(r + δ + δ′)
=
i
4
∇ · χ
∑
δ,δ′
∫
drΨ†(r)Hδτz(δ + δ′)Hδ
′
Ψ(r + δ + δ′)
= JQ ·∇χ, (G26)
we have
JQ =
1
4
∫
drΨ†(r)(h0τzv + vτzh0)Ψ(r). (G27)
To obtain the second line, we used Eqs. (G15) and (G16), and to obtain the third line, we shifted the integration variable. Finally,
to obtain Eq. (G27), we use Eqs. (G5) and (G20).
Taking the Fourier transform, we have
J (0) =
1
2
∑
k,δ
Ψ†k[S
zτzδH
δeik·δ + δHδeik·δτzSz]Ψk
≡ 1
2
∑
k
Ψ†k[S
zτzvk + vkτzS
z]Ψk (G28)
and
JQ =
1
4
∑
k,δ,δ′
Ψ†k[H
δeik·δτzδ′Hδ
′
eik·δ
′
+ δHδeik·δτzHδ
′
eik·δ
′
]Ψk
≡ 1
4
∑
k
Ψ†k[Hkτzvk + vkτzHk]Ψk. (G29)
Let us introduce the field operators for the energy eigenstates (see below Eq. (D4)),
Φk = TkΨk. (G30)
We then have
Sµν =
1
8
lim
ω→0
∂
∂ω
∫ β
0
eiωτ
∑
k,k′
〈Φ†k(τ)T †k(Szτzvk,µ + vk,µτzSz)TkΦk(τ)
× Φ†k′(0)T †k′(Hk′τzvk′,ν + vk′,ντzHk′)Tk′Φk′(0)〉. (G31)
Note the identity
〈Φ†k,m(τ)Φk,n(τ)Φ†k′,p(0)Φk′,q(0)〉 =〈Φ†k,m(τ)Φk,n(τ)〉〈Φ†k′,p(0)Φk′,q(0)〉+ 〈Φ†k,m(τ)Φ†k′,p(0)〉〈Φk,n(τ)Φk′,q(0)〉
+ 〈Φ†k,m(τ)Φk′,q(0)〉〈Φk,n(τ)Φ†k′,p(0)〉. (G32)
8The integral
∫ β
0
eiωτ 〈Φ†k(τ)Φk(τ)〉〈Φ†k′(0)Φk′(0)〉 vanishes (because ω = 2pin/β), so we only need the correlation functions
between different times. We have
〈Φ†k,m(τ)Φ†k′,n(0)〉 = δk,−k′(iτy)mng[(τzEk)mm]e(τzEk)mmτ (G33)
〈Φk,m(τ)Φk′,n(0)〉 = δk,−k′(−iτy)mng[−(τzEk)mm]e−(τzEk)mmτ (G34)
〈Φ†k,m(τ)Φk′,n(0)〉 = δk,k′(τz)mng[(τzEk)mm]e(τzEk)mmτ (G35)
〈Φk,m(τ)Φ†k′,n(0)〉 = δk,k′(−τz)mng[−(τzEk)mm]e−(τzEk)mmτ , (G36)
where g[x] = 1
eβx−1 is the Bose-Einstein distribution. If we define V
S
k = T
†
k[S
zτzvk + vkτzS
z]Tk and Vk = T
†
kvkTk, we
have
Sµν =
1
8
lim
ω→0
∂
∂ω
∫ β
0
eiωτ
∑
k,k′
[V Sk,µ]mn[Ek′τzVk′,ν + Vk′,ντzEk′ ]pq[(τy)mp(τy)nqδk,−k′ − (τz)mq(τz)npδk,k′ ]
× g[(τzEk)mm]g[−(τzEk)nn]e[(τzEk)mm−(τzEk)nn]τ . (G37)
The integral is
lim
ω→0
∂
∂ω
∫ β
0
e(iω+(τzEk)mm−(τzEk)nn)τ = lim
ω→0
∂
∂ω
eβ(τzEk)mm−β(τzEk)nn − 1
iω + (τzEk)mm − (τzEk)nn = −i
eβ(τzEk)mm−β(τzEk)nn − 1
[(τzEk)mm − (τzEk)nn]2 . (G38)
Using the identity
[g(x)− g(y)] = −g(x)g(−y)[eβx−βy − 1], (G39)
we have
Sµν =
i
8
∑
k,k′
[V Sk,µ]mn[Ek′τzVk′,ν + Vk′,ντzEk′ ]pq[(τy)mp(τy)nqδk,−k′ − (τz)mq(τz)npδk,k′ ]
g[(τzEk)mm]− g[(τzEk)nn]
[(τzEkmm)− (τzEknn)]2
.
(G40)
Now, note the identities
E−k = τxEkτx, T−k = τxT ∗kτx, v−k = −τxvTk τx. (G41)
The first two follows from H−k = τxHTk τx. More generally, T−k = (TkPk)
∗, where Pk is such that E−k = τxP
†
kEkPkτx.
However, the results do not depend on the gauge choice, so for simplicity, we put Pk = 1 [5, 20]. Finally, the third identity is
obtained as follows:
v−k =
∑
δ
δHδe−ik·δ =
∑
δ
τxδH
−δτxe−ik·δ = −
∑
δ
τxδH
δeik·δτx = −τxvTk τx. (G42)
Using these identities, we can manipulate the term containing τy as follows:
i
8
∑
k,k′
[V Sk,µ]mn[Ek′τzVk′,ν + Vk′,ντzEk′ ]pq(τy)mp(τy)nqδk,−k′
g[(τzEk)mm]− g[(τzEk)nn]
[(τzEkmm)− (τzEknn)]2
=
i
8
∑
k
[V Sk,µ]mn[(τy)(E−kτzT
†
−kv−k,νT−k + T
†
−kv−k,νT−kτzE−k)(−τy)]mn
g[(τzEk)mm]− g[(τzEk)nn]
[(τzEkmm)− (τzEknn)]2
=
i
8
∑
k
[V Sk,µ]mn[(τy)(τxEkτz(T
T
k v
T
k,νT
∗
kτx) + (τxT
T
k v
T
k,νT
∗
k )τzEkτx)(−τy)]mn
g[(τzEk)mm]− g[(τzEk)nn]
[(τzEkmm)− (τzEknn)]2
=− i
8
∑
k
[V Sk,µ]mn[τz(T
†
kvk,νTkτzEk + EkτzT
†
kvk,νTk)τz]nm
g[(τzEk)mm]− g[(τzEk)nn]
[(τzEkmm)− (τzEknn)]2
. (G43)
Therefore, the term containing τy is identical to the term containing τz . Thus,
Sµν = − i
4
∑
k
[V Sk,µ]mn[τz(T
†
kvk,νTkτzEk + EτzT
†
kvk,νTk)τz]nm
g[(τzEk)mm]− g[(τzEk)nn]
[(τzEkmm)− (τzEknn)]2
. (G44)
9If we define
wk = S
zτzvk, uk = vkτzS
z, (G45)
this is equal to
Sµν = − i
4
∑
k
[〈n|wµ|m〉+ 〈n|uµ|m〉][Enn〈m|vν |n〉(τz)mm + Emm〈m|vν |n〉(τz)nn]g[(τzE)nn]− g[(τzE)mm]
[(τzE)nn − (τzE)mm]2 , (G46)
where we omit k dependence.
5. Method of Smrcka and Streda
Our goal here is to evaluate
〈J (1)µ 〉eq = −Mµν∇νχ (G47)
First, we note that
J (1) =
∫
drΨ†(r)Sym[Szτzvχ(r)]Ψ(r) =
∑
k
Ψ†kSym[S
zτzvkχ(r)]Ψk =
∑
k
Φ†kTkSym[S
zτzvχ(r)]TkΦk, (G48)
where Sym[Szτzvχ(r)] = 14{Szτz, {v, χ(r)}} is the symmetrization. Note that the r in χ(r) becomes i ∂∂k . Taking the
expectation value, we obtain
〈J (1)〉eq =
∑
k
Tr
[
τzT
†
kSym[S
zτzvkχ(r)]Tkg[τzEk]
]
. (G49)
Using the identity
eτzEk = τzT
†
kτze
τzHkTk, (G50)
we have
〈J (1)µ 〉eq =
∑
k
∇νχTr [τzSym[Szτzvk,µrν ]g[τzHk]] = Mµν∇νχ. (G51)
Recalling the definition in Eq. (G45), we have
Mµν = −1
4
∑
k
∫
dηg(η)Tr[τz(wk,µrν + rνwk,µ + uk,µrν + rνuk,µ)δ(η − τzHk)]. (G52)
Below, we will often omit the k dependence for notational simplicity.
Define
Aµν =
i
2
Tr
[
τzwµ
dG+
dη
τzvνδ(η − τzH)− τzwµδ(η − τzH)τzvν dG
−
dη
]
(G53)
Bµν =
i
2
Tr
[
τzwµG
+τzvνδ(η − τzH)− τzwµδ(η − τzH)τzvνG−
]
, (G54)
where
G± =
1
η ± i− τzH (G55)
satisfies
iδ(η − τzH) = − 1
2pi
(G+ −G−), dG
±
dη
= −(G±)2, i d
dη
δ(η − τzH) = 1
2pi
((G+)2 − (G−)2). (G56)
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Using these, we find
Aµν − 1
2
dBµν
dη
=
1
8pi
Tr
[
−τzwµ dG
+
dη
τzvνG
+ − τzwµG−τzvν dG
−
dη
+ τzwµG
+τzvν
dG+
dη
+ τzwµ
dG−
dη
τzvνG
−
]
=
1
8pi
Tr
[
τzwµ(G
+)2τzvνG
+ + τzwµG
−τzvν(G−)2 − τzwµG+τzvν(G+)2 − τzwµ(G−)2τzvνG−
]
. (G57)
Note that
v = i[r, τz(G
±)−1], w = iSzτz[r, τz(G±)−1], u = i[r, τz(G±)−1]τzSz. (G58)
Using the first identity, we obtain
Aµν − 1
2
dBµν
dη
=
i
8pi
Tr
[
τzwµ[(G
+)2 − (G−)2]rν + τzwµrν [(G+)2 − (G−)2] + 2τzwµ[G−rνG− −G+rνG+]
]
. (G59)
The last term causes problem because of the non-commutation of the Hamiltonian and the spin. Defining CS = τz[H,Szτz],
the second term becomes
− 1
4pi
Tr[Szτzrµrν(G− −G+)− Szτzrµ(G− −G+)rν + CSrµG+rνG+ − CSrµG−rνG−]. (G60)
Because [rµ, rν ] = 0, the first two terms cancel. Using Eq. (G56), we obtain
Aµν − 1
2
dBµν
dη
=− 1
4
Tr[τzwµ
d
dη
δ(η − τzH)rν + τzwµrν d
dη
δ(η − τzH)]
+
i
2
Tr[CSrµδ(η − τzH)rνG+ + CSrµG−rνδ(η − τzH)]. (G61)
Let us call the first line m(0)µν and the second line m
(1)
µν . Replacing w by u, we have
A˜µν − 1
2
dB˜µν
dη
=− 1
4
Tr[τzuµ
d
dη
δ(η − τzH)rν + τzuµrν d
dη
δ(η − τzH)]
+
i
2
Tr[rµCSδ(η − τzH)rνG+ + rµCSG−rνδ(η − τzH)]. (G62)
Let us call the first line m˜(0)µν and the second line m˜
(1)
µν . We may further simplify the terms containing CS . Using the trace
formula and the completeness relation
Tr(A) =
∑
n
(τz)nn〈n|τzA|n〉, 1 =
∑
n
|n〉(τz)nn〈n|τz, (G63)
we have
i
2
Tr[CSrµδ(η − τzH)rνG+] = i
2
(τz)nn〈n|τzCSrµ|m〉(τz)mm〈m|τzδ(η − τzH)rνG+|n〉
=
i
2
(τz)nn〈n|τzCSrµ|m〉(τz)mmδ(η − τzE)mm〈m|τzrν |n〉 1
(τzE)mm − (τzE)nn + i ,
(G64)
and similarly,
i
2
Tr[CSrµG−rνδ(η − τzH)] = i
2
(τz)nn〈n|τzCSrµG−|m〉(τz)mm〈m|τzrνδ(η − τzH)|n〉
=
i
2
(τz)nn〈n|τzCSrµ|m〉 1
(τzE)nn − (τzE)mm − i (τz)mm〈m|τzrν |n〉δ(η − τzE)nn. (G65)
Note that we have used τzH|n〉 = (τzE)nn|n〉 and its Hermitian conjugate. Note that the terms with n = m cancel. Thus,
m(1)µν =
∑
n 6=m
i
2
(τz)nn(τz)mm〈n|τzCSrµ|m〉〈m|τzrν |n〉
[
δ(η − τzE)mm
(τzE)mm − (τzE)nn +
δ(η − τzE)nn
(τzE)nn − (τzE)mm
]
, (G66)
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and similarly
m˜(1)µν =
∑
n 6=m
i
2
(τz)nn(τz)mm〈n|τzrµCS |m〉〈m|τzrν |n〉
[
δ(η − τzE)mm
(τzE)mm − (τzE)nn +
δ(η − τzE)nn
(τzE)nn − (τzE)mm
]
. (G67)
Note that (m˜(1)µν )∗ = m
(1)
µν because C†S = −τzCSτz . Using these expressions, we can see that for a bounded spectrum,∫ ∞
−∞
dη
[
Aµν(η)− dBµν(η)
dη
]
= 0,
∫ ∞
−∞
dη
[
A˜µν(η)− dB˜µν(η)
dη
]
= 0. (G68)
Thus,
Mµν =−
∑
k
∫ ∞
−∞
dηg(η)
∫ ∞
η
dη˜
[
Aµν(η˜)− 1
2
∂Bµν(η˜)
∂η˜
+ A˜µν(η˜)− 1
2
∂B˜µν(η˜)
∂η˜
−m(1)µν − m˜(1)µν
]
. (G69)
Let us call the first four terms M (0)µν and last two terms M
(1)
µν . Using Eq. (G68), we have
M (0)µν =−
∑
k
(∫ ∞
−∞
dη˜
∫ ∞
η
(−g(η))
)[
Aµν(η˜)− 1
2
∂Bµν(η˜)
∂η˜
+ A˜µν(η˜)− 1
2
∂B˜µν(η˜)
∂η˜
]
=−
∑
k
∫ ∞
−∞
dη˜
[
Aµν(η˜)− 1
2
∂Bµν(η˜)
∂η˜
+ A˜µν(η˜)− 1
2
∂B˜µν(η˜)
∂η˜
]∫ ∞
η˜
dη(−g(η)) (G70)
Similarly,
M (1)µν =
∑
k
Re
i∑
m 6=n
(τz)nn(τz)mm〈n|τzrµCS |m〉〈m|τzrν |n〉
(τzE)mm − (τzE)nn
∫ (τzE)nn
(τzE)mm
dη(−g(η))
 (G71)
To evaluate Eq. (G70), it is convenient to express Aµν − ∂Bµν∂η in terms of Green’s function and delta functions
Aµν − 1
2
∂Bµν
∂η
=
i
4
Tr
[
τzwµ
dG+
dη
τzvνδ(η − τzH)− τzvν dG
−
dη
τzwµδ(η − τzH)
+ τzvνG
−τzwµ
d
dη
δ(η − τzH)− τzwµG+τzvν d
dη
δ(η − τzH)
]
. (G72)
Using Eq. (G63), we find that its contribution to M (0)µν is
M (0)µν =−
i
2
∑
k
∫ ∞
−∞
dη
∫ ∞
η
(−g(η˜))dη˜
[
(τz)nn〈n|vν |m〉 (τz)mm
(η − τzEmm − i)2 〈m|wµ|n〉δ(η − (τzE)nn)
− (τz)nn〈n|ωµ|m〉 (τz)mm
(η − τzEmm + i)2 〈m|vν |n〉δ(η − (τzE)nn)
]
− i
4
∑
k
∫ ∞
−∞
dη
[
(τz)nn〈n|wµ|m〉 (τz)mm
η − (τzE)mm + i 〈m|vν |n〉g(η)δ(η − (τzE)nn)
− (τz)nn〈n|vν |m〉 (τz)mm
η − (τzE)mm − i 〈m|wµ|n〉g(η)δ(η − (τzE)nn)
]
=− i
2
∑
k,m 6=n
〈n|wµ|m〉〈m|vν |n〉 (τz)mm(τz)nn
((τzEmm)− (τzEnn))2
(∫ ∞
(τzE)nn
dηg(η)−
∫ ∞
(τzE)mm
dηg(η)
)
− i
4
∑
k,m 6=n
(τz)nn(τz)mm〈n|wµ|m〉〈m|vν |n〉g(τzEnn) + g(τzEmm)
(τzE)nn − (τzE)mm . (G73)
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To obtain the first equality, we cyclicly permute the delta functions to the right and then integrate by parts. Thus,
Sµν +M
(0)
µν =−
i
2
∑
k,m 6=n
〈n|wµ + uµ|n〉〈m|vν |n〉 (τz)mmEnng(τzEnn)− g(τzEmm)Emm(τz)nn
((τzE)nn − (τzE)mm)2
− i
2
∑
k,m 6=n
〈n|wµ + uµ|m〉〈m|vν |n〉 (τz)mm(τz)nn
((τzEmm)− (τzEnn))2
(∫ ∞
(τzE)nn
dηg(η)−
∫ ∞
(τzE)mm
dηg(η)
)
=− i
2
∑
k,m 6=n
〈n|wµ + uµ|m〉〈m|vν |n〉 (τz)mm(τz)nn
((τzE)mm − (τzE)nn)2
∫ (τzE)nn
(τzE)mm
dηη
dg(η)
dη
. (G74)
Changing the variable to η = kBTx and restoring the ~, the spin Nernst conductivity αSµν =
Sµν+Mµν
V T is given by
αSµν =− kB~
1
V
i
2
∑
k,m 6=n
〈n|wµ + uµ|m〉〈m|vν |n〉 (τz)mm(τz)nn
((τzE)mm − (τzE)nn)2
∫ (τzE)nn/kBT
(τzE)mm/kBT
dxx
dρ(x)
dx
− kB
~
1
V
∑
k,m 6=n
Re
[
i
(τz)nn(τz)mm〈n|τzrµCS |m〉〈m|τzrν |n〉
(τzE)mm − (τzE)nn
∫ (τzE)nn/kBT
(τzE)mm/kBT
dxρ(x)
]
, (G75)
where ρ(x) = 1ex−1 . The second term is difficult to evaluate because we need to find (locally) differentiable wave function
throughout the Brillouin zone. As explained in more detail below, we expect this term to be small in comparison to the first
because it is proportional to CS which is proportional to the magnon-phonon interaction strength, which is about 0.05 for
D = 0.94 (in units where we measure energy in meV and ~ = 1).
Now, a note on the integrals. Using
ρ(−x) = −1− ρ(x), (G76)
we have ∫ −E
0
ρ(x)dx =
∫ E
0
(1 + ρ(x))dx,
∫ −E
0
x
dρ(x)
dx
dx =
∫ E
0
x
dρ(x)
dx
. (G77)
It follows that ∫ b
a
dxρ(x) = c˜(b)− c˜(a),
∫ b
a
dxx
dg(x)
dx
= c1(|b|)− c1(|a|), (G78)
where c˜(x) = log
∣∣1− e−|x|∣∣+ |x|θ(−x) and c1(x) = ∫∞x dx′x′ (−dρ(x′)dx′ ) = (1 + ρ(x)) log(1 + ρ(x))− ρ(x) log ρ(x).
We also have
vµ =
1
~
∂H
∂kµ
, wµ =
1
~
Szτz
∂H
∂kµ
, uµ =
1
~
∂H
∂kµ
τzS
z, (G79)
so that
αSµν ≈
kB
~
i
2V
∑
k,m 6=n
〈
n
∣∣∣∣Szτz ∂H∂kµ + ∂H∂kµ τzSz
∣∣∣∣m〉〈m ∣∣∣∣ ∂H∂kν
∣∣∣∣n〉 (τz)mm(τz)nn((τzE)mm − (τzE)nn)2
×
[
c1
(
Emm
kBT
)
− c1
(
Enn
kBT
)]
, (G80)
where we have neglected the term containing CS .
To justify this, let us note that〈
n
∣∣∣∣ ∂H∂kµ
∣∣∣∣m〉 = ∂∂kµ 〈n|H|m〉 −
(
∂
∂kµ
〈n|
)
H|m〉 − 〈n|H
(
∂
∂kµ
|m〉
)
=
∂
∂kµ
Enm +
〈
n
∣∣∣∣τz ∂∂kµ
∣∣∣∣m〉 ((τzE)mm − (τzE)nn) , (G81)
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where we have used 〈n|H|m〉 = Enm and ∂∂kµ 〈n|τz|m〉 = 0. Then, Eq. (G80) can be rewritten as
kB
~
i
2V
∑
k,m 6=n
〈
n
∣∣∣∣Szτz ∂H∂kµ + ∂H∂kµ τzSz
∣∣∣∣m〉〈m∣∣∣∣τz ∂∂kν
∣∣∣∣n〉(τz)nn(τz)mm c1(EmmkBT )− c1(EnnkBT )(τzE)nn − (τzE)mm . (G82)
Since rµ = i ∂∂kµ , this expression can be compared with the expression containing CS . Using the completeness relation in
Eq. (G63), we have
H =
∑
p
τz|p〉Ep〈p|τz, CS =
∑
p,q
τz|p〉(τz)pp〈p|CS |q〉(τz)qq〈q|τz (G83)
If we consider the energy scale in which the anticrossing between magnon and phonon bands occur, we expect 〈p|CS |q〉 to
smaller by a factor of 10 for the band crossing with the lowest energy, which occurs around 1 meV, and we expect it to be much
smaller for the band crossing which occurs at higher energies.
SM H: Spin Density
We assume periodicity along the direction of temperature gradient, but assume finite size along the edge perpendicular to it.
Let us first examine the intrinsic contribution to the spin density. From the Kubo formula, the intrinsic contribution to the spin
density is
〈δSz(r)〉 = 〈Sz(r)〉neq − 〈Sz(r)〉eq = − lim
ω→0
∂
∂ω
∫ β
0
dτeiωτ 〈TτSz(r, τ)JQν (0)〉eq∇νχ. (H1)
Here, Sz(r) is the spin density of the rth strip, where r is the index for the unit cells along the finite size, which is x for the
armchair edge and y for the zigzag edge, as shown in Fig. S3. Taking the Fourier transformation along the periodic direction ν,
the BdG fields are Ψk,m where k is the momentum along the periodic direction and m = 1, ..., 24N , which contains the index
for the magnon and phonon modes contained in a unit cell (24N for both zigzag and armchair edge) multiplied by the number
of strips (N ) . Let us define
Sz(r) =
∑
k
Ψ†k
Szr
2
Ψk, J
Q =
1
4
∫
drΨ†k(h0τzvk + vkτzh0)Ψk, (H2)
where Sz(r) is the spin density operator for the rth strip. Proceeding as in Sec. G 4, we have 〈δSz(r)〉 = −Z inν (r)∇νχ, where
Z inν (r) = −
i
2
∑
k,m6=n
[T †kS
z
rTk]mn[τz(T
†
kvk,νTkτzEk + EkτzT
†
kvk,νTk)τz]nm
g[(τzEk)mm]− g[(τzEk)nn]
[(τzEk)mm − (τzEk)nn]2
= − i
2
∑
k,m6=n
〈m,k|Szr |n,k〉〈n,k|vk,ν |m,k〉[(τz)nn(Ek)mm + (τz)mm(Ek)nn]
g[(τzEk)mm]− g[(τzEk)nn]
[(τzEk)mm − (τzEk)nn]2 , (H3)
and the superscript ‘in’ indicates the intrinsic contribution. Then, 〈δSz(r)〉 = −ζ inν (r)∇νT , where ζ inν (r) = Z inν (r)/T .
In Fig. S3, we plot ζ inν (r) for the zigzag and armchair edges, with and without magnon-phonon interaction. Here, we note
that we have put l = 1, where l is the distance between A and B sites. Thus, the distance between the unit cells along the x (y)
direction for the zigzag (armchair) edge is
√
3 (3). As can be seen in Fig. S3, in the absence of magnon-phonon interaction, the
spin density for the zigzag edge vanishes while the spin density for the armchair edge is almost symmetric. Such distribution
of spin density can be explained by examining the symmetry transformation property of ζ inν (r). Even in the presence of the
magnon-phonon interaction, the spin density for the zigzag edge remains zero, while the spin density for the armchair edge
remains (nearly) symmetric. To explain such a distribution, we examine some of the properties of the spin density induced by
thermal gradient.
First, let us assume that there is no magnon-phonon interaction. In such a case, the total spin density of the system vanishes.
This occurs for a bipartite antiferromagnetic system whenever the spin is conserved, so that the Hamiltonian can be written in a
block form for each spin sector. For our system (applicable for both the finite size and the bulk system), the magnon Hamiltonian
can be written in the following block form,
H =
1
2
∑
k
φ†kHkφk, φk =

φAk
φ†B−k
φBk
φ†A−k
 , Hk = (HIk 00 HIIk
)
, (H4)
14
Zigzag	edgey=N
y=2y=1
D=0 D=0.94 Difference
7TArmchair	edge
x=1,			2,																																N
7T
FIG. S3: On the left, we show the zigzag and armchair edge configuration for which the intrinsic contribution to the spin density ζ inν (r) is
calculated, which is shown to the right. For reference, we show ζ inν (r) for the case where there is no magnon-phonon interaction, i.e. D = 0
meV, so that spin is conserved. We see that for the zigzag edge, no spin density is induced while for the armchair edge, spin density is
induced symmetrically at the edges, and which are cancelled by the bulk. In the presence of magnon-phonon interaction (D = 0.94 meV),
the spin density still vanishes for the zigzag edge, while a relatively large bulk spin density is induced for the armchair edge. The difference
ζ inν (r)|D=0.94 − ζ inν (r)|D=0 represents the spin density induced by magnon-phonon interaction.
where φAk (φBk) contains only the magnon annihilation operators on A (B) sites. In this basis, the total spin density operator is
Sztot =
1
2
∑
k
Ψ†kS
z
totΨk, S
z
tot =
~
V

−12N 0 0 0
0 12N 0 0
0 0 12N 0
0 0 0 −12N
 , (H5)
where 12N is the 2N by 2N identity matrix. Because each of the blocks can be diagonalized using paraunitary transformation
[? ] (see, for example, Refs. [19, 20]), and because Sztot in each of the blocks is proportional to τ4Nz where the superscript 4N
indicates the matrix size, 〈m,k|Sztot|n,k〉 ∝ (τ4Nz )mn, where we have used the identity 〈m,k|τ4Nz |n,k〉 = (τ4Nz )mn. Since
(ζ inν )
tot =
∑
r ζ
in
ν (r) only contains summation over the band indices with m 6= n, (ζ inν )tot = 0. We note that the same derivation
goes through whenever the spin is conserved, since the matrix elements of the spin operator is diagonal. Indeed, it can be
checked for the armchair edge that the total spin density vanishes when D = 0. However, as can be seen in the case for the
armchair edge, the local spin density need not be zero. Therefore, we conclude that although the bulk spin density vanishes in
the thermodynamic limit, for a finite size system, temperature gradient can induce small spin density in the bulk and comparably
large spin density at the edge in such a way that their sum is zero.
Next, let us discuss the constraint to ζ inν from the MxC
S
2x symmetry introduced in the main text in the presence of edges.
Here, Mx is the mirror symmetry about the plane normal to the x axis and passing through one of the lines connecting A
and B sites, and CS2x is a twofold rotation symmetry about the x axis which acts only on the spin degrees of freedom and
does not act on their position. This symmetry is present when we neglect the magnon-phonon interaction (i.e. D = 0).
Letting MSx be the matrix representation of this symmetry, we find that in the case of zigzag edge, (M
S
x )
†Hkx(M
S
x ) = H−kx ,
(MSx )
†SzyM
S
x = S
z
y , and M
S
x |n, kx〉 = |n,−kx〉, from which it follows that ζ inx (y) = −ζ inx (y) = 0. Specifically, if we define
f((Ekx)mm, (Ekx)nn) = [(τz)nn(Ekx)mm + (τz)mm(Ekx)nn]
g[(τzEkx )mm]−g[(τzEkx )nn]
[(τzEkx )mm−(τzEkx )nn]2 , we have
Z inx (y) = −
i
2
∑
kx,m 6=n
〈m, kx|Szy |n, kx〉〈n, kx|∂xHkx |m, kx〉f((Ekx)mm, (Ekx)nn)
= − i
2
∑
kx,m 6=n
〈m,−kx|Szy |n,−kx〉〈n,−kx|∂xH−kx |m,−kx〉f((E−kx)mm, (E−kx)nn)
= −Z inx (y). (H6)
For the armchair edge, if we neglect the slight asymmetry from the edge configuration, the lattice is symmetric underMx passing
through the center of the lattice. Letting Mxx denote position of the position x under the action of this symmetry, we have
(MSx )
†Hky (M
S
x ) = Hky , (M
S
x )
†SzxM
S
x = S
z
Mxx
, and MSx |n, ky〉 = |n, ky〉, from which it follows that ζ iny (x) = ζ iny (Mxx).
Thus, the symmetry constrains the distribution of spin density to be symmetric along the x axis, as can be checked in Fig. S3.
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FIG. S4: Left: extrinsic contribution to the spin density for the armchair edge when D = 0.94 meV. Right: extrinsic contribution to the spin
density for the zigzag edge when D = 0.94 meV. Note that the spin density induced by the extrinsic mechanism uniformly vanishes when
there is no magnon-phonon interaction.
Next, let us show that the C3z symmetry, which is present even when D 6= 0, constrains ζ inν = 0 for periodic system
(i.e. system without edges). To derive this, let C3z be the representation of the symmetry, i.e. C
†
3zHkC3z = HC3zk and
|n,k〉 = C3z|nC3zk〉. We find that ζ in = C3zζ in = 0. That is, threefold rotation symmetry disallows bulk spin density induced
by thermal gradient. Indeed, we find that there is no bulk spin density in our system regardless of the presence of magnon-
phonon interaction. On the other hand, this does not require vanishing spin density in the presence of zigzag and armchair edges
since the threefold symmetry is broken by the presence of edges. Before moving on, let us note that the inversion symmetry also
constrains ζ in = 0.
Next, let us discuss the zigzag and armchair edges when D 6= 0. We find that the spin density for the zigzag edge continues
to be identically zero even though the MxCS2x is broken, and the spin density for the armchair continues to be symmetric
along the x axis. This can be explained using a rather complicated antiunitary symmetry, which we denote by Y. Let us
first discuss its constraints on the bulk properties. Let K be the complex conjugation operator and let muy be the operator
that sends uy(r) → −uy(r) while keeping everything else fixed, where uy(r) is the displacement operator in the y direction
located at position r. Let mx be the operator that sends Ψ(r) → Ψ(Mxr), where Ψ(r) is the field operator that contains
both the magnon and phonon fields located position r. Then, we define Y ≡ Kmuymx. Roughly, Y can be understood as
a combination of pseudo time reversal symmetry K which does not flip the spin direction, with the pseudo mirror symmetry
muymx about the plane normal to the x axis which also does not flip the spin direction. Let YK be the matrix representation
ofY in the k space. We note that Y is the matrix that sends uyA/Bk → −uyA/Bk and act as an identity on other field operators.
Under this symmetry, we find that Y †H∗(kx,ky)Y = H(kx,−ky) and |n, kx,−ky〉 = Y †K|n, kx, ky〉. From this, it follows that
Ωn,(kx,ky) → Ωn,(kx,−ky) and 〈Sz〉n,(kx,ky) → 〈Sz〉n,(kx,−ky), the point being that the thermal Hall and spin Nernst currents
are not forbidden. On the other hand, proceeding similarly as before, we find that ζ inx (y) → −ζ inx (y) = 0 for the zigzag edge
and ζ iny (x) → ζ iny (Mxx) for the armchair edge (if we ignore the slight asymmetry caused by the edge configureation). We
therefore conclude that because of theY symmetry, the intrinsic contribution to the spin density does not cause asymmetric spin
distribution.
Next, let us evaluate the extrinsic contribution to the spin density. The Boltzmann transport theory within the constant relax-
ation time approximation gives [? ] gneq(E) = geq(E)− τvν∇Tν EkBT 2 e
E/kBT
(eE/kBT−1)2 , so that
ζextν (r) =
τ
2kBT 2
1
V
∑
k
N∑
n=−N
〈n,k|Szr |n,k〉〈n,k|vk,ν |n,k〉(τzEk)nn
e(τzEk)nn/kBT
(e(τzEk)nn/kBT − 1)2 . (H7)
We note that the same equation can be derived using the Kubo formula by making a constant lifetime approximation and
restricting to intraband contribution, as in Ref. [23]. As discussed in the case for intrinsic contribution to the spin density, when
the system is symmetric with respect to MxC2x, this symmetry constrains the spin density to appear symmetrically for the
armchair edge, and constrains the spin density to vanish for the zigzag edge. On the other hand, theY symmetry constrains the
spin density to appear antisymmetrically for the armchair edge, but it does not constrain the spin density for the zigzag edge.
Thus, in the absence of magnon-phonon coupling, in which case both symmetries are present, the spin density vanishes for both
the armchair and zigzag edge. However, in the presence of magnon-phonon coupling, only theY symmetry is present, so that
the spin density appears antisymmetrically for the armchair edge, while no constraint is imposed on the zigzag edge. From this,
we see that total spin density is forced to vanish in the armchair edge while nonzero total spin density can be induced in the
presence of zigzag edge. Let us note that this behavior of the extrinsic contribution to the spin density is opposite to that of the
intrinsic contribution, and that the origin of this behavior lies in the different behavior of intrinsic and extrinsic contributions
under the action of antiunitary symmetry, such asY. We confirm the above statements numerically as shown in Fig. S4, where
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we show the extrinsic contribution to the spin density in the presence of magnon-phonon interaction. We conclude that the
intrinsic spin Nernst current induces asymmetric spin density through the extrinsic contribution to the spin density.
Finally, let us comment on the magnetization induced by temperature gradient. According to Refs. [48, 49], the magnetization
susceptibility µν which we define from the relation 〈δMz〉 = −µν∇νT , is given by
µν =
1
T
∑
n,k
Re
∑
m6=n
i〈n,k|∂νHk|m,k〉〈m,k|Mztot|n,k〉τmmτnn
((τzEk)nn − (τzEk)mm)2
[(τzEk)nng((τzEk)nn) + ∫ ∞
(τzEk)nn
dxg(x)
]
. (H8)
Here, 〈δMz〉 = 〈M˜z〉neq − 〈Mz〉eq is the change in the magnetization density arising from the temperature gradient, and the
quantitiesMz and M˜z are the equilibrium and non-equilibrium magnetization density, respectively, and are defined as
Mz =
1
2
∑
k
Ψ†kM
zΨk, M˜
z =
1
2
∑
k
Ψ˜†kM
zΨ˜r, M
z
tot =
1
V

−µA × 12N 0 0 0
0 µB × 12N 0 0
0 0 µB × 12N 0
0 0 0 −µA × 12N
 ,
(H9)
where µA and µB are the magnetic moment of the spins at A and B sites (for the definition of Ψ˜, see Eq. (G11)). We note that
this quantity is not derived from the ζ inν by simply replacing S
z
tot with M
z
tot because the definition of magnetization is modified
from Mz to M˜z in the presence of temperature gradient [48, 49]. We note that the properties of the spin density operator we
have discussed can be straightforwardly applied to this quantity as well. In particular, the symmetry constraints are the same
when µA = µB .
